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Abstract
We calculate the baryon asymmetry of the Universe in thermal leptogenesis beyond
the usual lightest right-handed (RH) neutrino dominated scenario (N1DS) and in
particular beyond the hierarchical limit (HL),M1 ≪M2 ≪M3, for the RH neutrino
mass spectrum. After providing some orientation among the large variety of models,
we first revisit the central role of the N1DS, with new insights on the dynamics of the
asymmetry generation and then discuss the main routes departing from it, focusing
on models beyond the HL. We study in detail two examples of ‘strong-strong’ wash-
out scenarios: one with ‘maximal phase’ and the limit of very largeM3, studying the
effects arising when δ2 ≡ (M2 −M1)/M1 is small. We extend analytical methods
already applied to the N1DS showing, for example, that, in the degenerate limit
(DL), the efficiency factors of the RH neutrinos become equal with the single decay
parameter replaced by the sum. Both cases disprove the misconception that close
RH neutrino masses necessarily lead to a final asymmetry enhancement and to a
relaxation of the lower bounds onM1 and on the initial temperature of the radiation-
dominated expansion. We also explain why leptogenesis tends to favor normal
hierarchy compared to inverted hierarchy for the left-handed neutrino masses.
1 Introduction
With the discovery of neutrino masses in neutrino mixing experiments, leptogenesis [1]
has become one of the most attractive explanations of the matter-antimatter asymmetry
of the Universe. Indeed, leptogenesis is the direct cosmological consequence of the see-saw
mechanism [2], the most elegant way to understand neutrino masses and their lightness
compared to all other known massive fermions. Adding to the Standard Model Lagrangian
three RH neutrinos with Yukawa coupling matrix h and Majorana mass matrix M , a
neutrino Dirac mass matrix mD = h v is generated, after electroweak symmetry breaking,
by the vev v of the Higgs boson. For M ≫ mD, the neutrino mass spectrum splits into 3
heavy Majorana states N1, N2 and N3 with massesM1 ≤M2 ≤M3, which almost coincide
with the eigenvalues of M , and 3 light Majorana states with masses m1 ≤ m2 ≤ m3
corresponding to the eigenvalues of the neutrino mass matrix given by the see-saw formula,
mν = −mD 1
M
mTD . (1)
Neutrino mixing experiments measure two mass-squared differences. In normal (inverted)
neutrino schemes, one has
m23 −m22 = ∆m2atm (∆m2sol) , (2)
m22 −m21 = ∆m2sol (∆m2atm −∆m2sol) . (3)
For m1 ≫ matm ≡
√
∆m2atm +∆m
2
sol ≃ 0.05 eV, one has a quasi-degenerate spectrum
with m1 ≃ m2 ≃ m3, whereas for m1 ≪ msol ≡
√
∆m2sol ≃ 0.009 eV one has a fully
hierarchical (normal or inverted) spectrum.
A lepton asymmetry can be generated from the decays of the heavy neutrinos into
leptons and Higgs bosons and partly converted into a baryon asymmetry by the sphaleron
(B−L conserving) processes at temperatures higher than about 100GeV. The asymmetry
produced by each Ni decay is given by the CP asymmetry parameter εi
εi ≡ − Γi − Γ¯i
Γi + Γ¯i
, (4)
where Γi is the decay rate into leptons and Γ¯i the one into anti-leptons. For each Ni one
introduces the decay parameter Ki, defined as the ratio of the total decay width to the
expansion rate at T =Mi,
Ki ≡ Γ˜i
H(T =Mi)
. (5)
This is the key quantity for the thermodynamical description of the decays of heavy
particles in the early Universe [3]. In leptogenesis it can be conveniently expressed in
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terms of the effective neutrino mass m˜i ≡ (m†DmD)ii/Mi, such that Ki = m˜i/m⋆, where
m⋆ ≃ 1.08 × 10−3 eV is the equilibrium neutrino mass. Besides decays, there are other
processes, especially inverse decays, that are relevant not only for producing the RH
neutrinos but also for washing-out part of the asymmetry produced from decays. The
effect of production and wash-out are simultaneously accounted for by the efficiency factors
κi associated to the production of the asymmetry from each Ni, such that the final B−L
asymmetry can be expressed as the sum of three contributions
N fB−L =
∑
i
εi κ
f
i . (6)
The baryon-to-photon number ratio at the recombination time can then be calculated as
ηB = asph
N fB−L
N recγ
≃ 0.96× 10−2
∑
i
εi κ
f
i , (7)
where asph ≃ 1/3 is the sphaleron conversion coefficient. Here we assume a standard
thermal history and indicate with NX any particle number or asymmetry X calculated in
a portion of comoving volume containing one heavy neutrino in ultra-relativistic thermal
equilibrium, so that N recγ ≃ 37. The efficiency factors κfi → 1 in the limit of an initial
ultra-relativistic thermal Ni abundance and null wash-out.
A great simplification occurs in the HL 1 (M1 ≪M2 ≪M3). In this case one typically
(but not necessarily!) obtains what can be called the N1DS, where both the wash-out
from the two heavier RH neutrinos and the asymmetry produced by their decays can be
neglected and the expression (6) reduces to (N fB−L)HL ≃ κf1 ε1. The HL is quite a natural
assumption for hierarchical light neutrinos.
The effective neutrino mass m˜1 can be expressed as a linear combination of the light
neutrino masses with positive coefficients whose sum cannot be smaller than unity. For
this reason, the experimental findings msol, matm ≫ m⋆ typically force K1 to lie in the
range O(Ksol ≃ 9) . K1 . O(Katm ≃ 50), where Ksol ≡ msol/m⋆ and Katm ≡ matm/m⋆,
i.e. in the strong wash-out regime (K1 ≫ 1), while the weak wash-out regime (K1 . 1)
is possible for a particular class of neutrino mass models.
The efficiency factor κf1 is approximately given by the number of N1 that decay out-of-
equilibrium. In the strong wash-out regime this is unambiguously specified by the thermal
equilibrium abundance at the time when the inverse decays get frozen, at a well-defined
temperature TB ≪ M1 when the N1’s are non-relativistic [4]. One has then to require
1Throughout the paper we make use of the following acronyms: HL=hierarchical limit, DL=degenerate
limit, NiDS=Ni-dominated scenario.
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that the initial temperature of the Universe is larger than ∼ TB, the key assumption for
thermal leptogenesis. Therefore, in the strong wash-out regime only a small fraction ofN1,
compared to an initial ultra-relativistic thermal abundance, decays out-of-equilibrium.
This results in small values for κf1 ∼ 10−3 ÷ 10−2, but still large enough to allow for
successful leptogenesis in quite a large region of parameter space. On the other hand, the
positive by-product of the strong wash-out regime is that the final asymmetry does not
depend on the initial conditions.
A second important simplification occurring in the HL is that the CP asymmetry ε1,
like κf1, depends only on a limited set of see-saw parameters and, quite remarkably, it
turns out that there is an upper bound on ε1 proportional to M1 [5, 6]. In the strong
wash-out regime for K1 & 5, this gives rise to a lower bound on the lightest RH neutrino
mass M1 & 5× 109GeV [7, 6, 8], also implying a lower bound on the initial temperature
of the radiation-dominated expansion Tin & 2 × 109GeV [4, 8] 2, identifiable with the
reheating temperature within inflation [11]. In the N1DS, for quasi-degenerate neutrinos,
the combined effect [12] of the additional wash-out from ∆L = 2 processes, which depends
on the combination M1
∑
m2i , together with a CP asymmetry suppression [6, 13], gives
rise to a stringent upper bound on the absolute neutrino mass scale m1 ≤ 0.1 eV [12, 13,
9, 4].
A weak version of the N1DS, for K1 . 1, encounters two serious difficulties. The
first is the strong dependence on the initial conditions, preventing the model from being
self-contained. The second is that, for m˜1 → m1, the CP asymmetry vanishes and m˜1
has to be fine-tuned to have successful leptogenesis. A more appealing possibility is then
represented by the N2DS [8], where the asymmetry is mostly generated from the decays
of N2, circumventing both problems.
Another key motivation to study models beyond the HL is to allow RH neutrino masses
to be arbitrarily close. This possibility has been considered in many works [14, 15, 16].
In [8] an analytical condition for the validity of a calculation of the efficiency factor κf1
in the HL was found. It was noticed that one may neglect the effect of the two heavier
neutrinos if δ2 ≡ (M2 −M1)/M1 & 1.5 ÷ 5, the exact value depending on K1 and K2.
The validity of the HL in the calculation of the CP asymmetry is more involved but a
similar condition holds in most cases. There is one possibility, discussed in the case C
of Section 4, where the condition on δ2 to recover the HL becomes more stringent. For
quasi-degenerate neutrinos this also provides a way to evade the upper bound on neutrino
masses [17].
In this paper we perform a general calculation of the final asymmetry beyond the
2In the MSSM these values become respectively M1 & 2× 109GeV and Tin & 109GeV [9, 10, 8].
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HL, extending useful analytical methods described in [4] within the HL. A discussion of
flavor effects [18, 19, 20] is deferred to a forthcoming paper, since they are somewhat
complementary to the issues addressed here. However, it is worthwhile to mention that,
accounting for these effects, the upper bound on the absolute neutrino mass scale does
not hold [20].
The main difficulty of such a general calculation is the great model dependence. There-
fore, in Section 2 our first step is a description of a general way to parameterize and classify
models. In Section 3 we revisit the N1DS, providing several new interesting analytical
insights on the dynamics of the asymmetry generation. In Section 4 we describe the main
routes to go beyond the N1DS, including models beyond the HL that we study in detail in
Section 5. Here we focus on strong-strong wash-out scenarios, where both K1 and K2 & 5
and M3 ≫ M1,M2, but with arbitrary M1 and M2. We show how the production and
the wash-out from each RH neutrino interfere with each other, calculating the efficiency
factors and giving exact conditions for the HL to be recovered. Then we calculate the
lower bounds on M1 and Tin first in a model where the asymmetry is maximal in the
HL, but insensitive to a CP asymmetry enhancement beyond the HL, then in a model
that received recently great attention, where M3 ≫ 1014GeV ≫ M2,M1 [21]. We also
explain why leptogenesis favors normal hierarchy over an inverted one. We summarize
our conclusions in Section 6.
2 Getting oriented among leptogenesis scenarios
Let us describe how to calculate the final asymmetry for a general RH neutrino spectrum.
In a one-flavor approximation, the set of kinetic equations can be written as [22, 14, 15]
dNNi
dz
= −(Di + Si) (NNi −N eqNi) , i = 1, 2, 3 (8)
dNB−L
dz
=
3∑
i=1
εiDi (NNi −N eqNi)−NB−LW , (9)
where z ≡M1/T . Defining xi ≡M2i /M21 and zi ≡ z
√
xi, the decay factors are given by
Di ≡ ΓD,i
H z
= Ki xi z
〈
1
γi
〉
, (10)
where H is the expansion rate. The total decay rates, ΓD,i ≡ Γi + Γ¯i, are the product of
the decay widths times the thermally averaged dilation factors 〈1/γi〉, given by the ratio
K1(zi)/K2(zi) of the modified Bessel functions. The equilibrium abundance and its rate
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are also expressed through the modified Bessel functions,
N eqNi(zi) =
1
2
z2i K2(zi) ,
dN eqNi
dzi
= −1
2
z2i K1(zi) . (11)
The RH neutrinos can be produced by inverse decays and scatterings. Nevertheless, in the
relevant strong wash-out regime, the inverse decays alone are already sufficient to make
the RH neutrino abundance reach its thermal equilibrium value prior to their decays.
Therefore, the details of the RH neutrino production do not affect the final asymmetry
and theoretical uncertainties are consequently greatly reduced. This is one of the nice
features of the strong wash-out regime on which we will focus and for this reason the
scattering terms Si will play no role. The wash-out factor W can be written as the sum
of two contributions [7],
W =
∑
i
Wi(Ki) + ∆W (M1 m¯
2) . (12)
The second term arises from the non-resonant ∆L = 2 processes and gives typically a
non-negligible contribution only in the non relativistic limit for z ≫ 1 [22, 7, 4]. For hier-
archical light neutrinos it can be safely neglected for reasonable values M1 ≪ 1014GeV.
In the strong wash-out regime, the first term is dominated by inverse decays [9, 4], where
the resonant ∆L = 2 contribution has to be properly subtracted [23, 9], so that 3
Wi(z) ≃W IDi (z) =
1
4
Ki
√
xiK1(zi) z3i . (13)
Let us indicate with N inB−L a possible pre-existing asymmetry at Tin. The final asymmetry
can then be written in an integral form [3, 4] ,
N fB−L = N
in
B−L e
−
∑
i
∫
dz′Wi(z′) +
∑
i
εi κ
f
i , (14)
with the efficiency factors κfi given by
κfi = −
∫ ∞
zin
dz′
dNNi
dz′
e−
∑
i
∫ z
z′
dz′′Wi(z′′) , (15)
where we defined zin ≡M1/Tin. Notice that, in general, each efficiency factor depends on
all decay parameters, i.e. κfi = κ
f
i(K1, K2, K3).
If the mass differences satisfy the condition for the applicability of perturbation theory,
|Mj −Mi|/Mi ≫ max[(h† h)ij ]/(16 pi2) with j 6= i [24], then a perturbative calculation
from the interference of tree level with one loop self-energy and vertex diagrams gives [25]
εi =
3
16pi
∑
j 6=i
Im
[
(h† h)2ij
]
(h† h)ii
ξ(xj/xi)√
xj/xi
(16)
3In the following we will imply this subtraction when referring to the ‘wash-out from inverse decays’.
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Figure 1: The function ξ(x) defined in the Eq. (17).
where the function ξ(x), shown in Fig. 1, is defined as [13]
ξ(x) =
2
3
x
[
(1 + x) ln
(
1 + x
x
)
− 2− x
1− x
]
. (17)
Working in a basis where both the Majorana mass and the light neutrino mass matrix
are diagonal, DM ≡ diag(M1,M2,M3) and Dm ≡ diag(m1, m2, m3) = −U †mν U⋆, from
the see-saw formula one can obtain a useful parametrization of the Dirac mass matrix in
terms of the orthogonal complex matrix Ω [26] 4,
mD = U
√
DmΩ
√
DM . (18)
The unitary matrix U can be identified with the PMNS matrix in a basis where the
charged lepton mass matrix is also diagonal. The following parametrization of the Ω
matrix proves to be particularly useful in leptogenesis [8]
Ω(Ω21,Ω31,Ω22) =


√
1− Ω221 − Ω231 Ω12 ±
√
Ω221 + Ω
2
31 − Ω212
Ω21 Ω22 −
√
1− Ω222 − Ω221
Ω31
√
1− Ω222 − Ω212
√
Ω222 + Ω
2
12 − Ω231)

 , (19)
where Ω12 can be expressed as a function of (Ω21,Ω31,Ω22) imposing, for example,∑
j Ωj1Ωj2 = 0. From this general form one can obtain, for particular choices of the
parameters, three elementary complex rotations that exhibit peculiar properties. In terms
4Compared to the R matrix in [26], one has the simple relation Ω = R†.
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of these rotations an alternative parametrization of the Ω matrix is
Ω(ω21, ω31, ω22) = R12(ω21) R13(ω31) R23(ω22) , (20)
where
R12 =


√
1 − ω2
21
−ω21 0
ω21
√
1 − ω2
21
0
0 0 1

 , R13 =


√
1 − ω2
31
0 −ω31
0 1 0
ω31 0
√
1− ω2
31

 , R23 =


1 0 0
0 ω22 −
√
1 − ω2
22
0
√
1 − ω2
22
ω22

 .
(21)
This parametrization for an orthogonal complex matrix corresponds to the transposed
form of the CKM matrix in the quark sector or of the PMNS unitary matrix in neutrino
mixing, with the difference that here one has complex rotations instead of real ones. There
are straightforward relations between the parameters Ωij and the ωij’s:
Ω21 = ω21
√
1− ω231 , Ω31 = ω31 , Ω22 = ω22
√
1− ω221 − ω21 ω31
√
1− ω222 . (22)
The two parameterizations are interchangeable and it can be more convenient to use one
or the other depending on the context. The parametrization Eq. (20) is particularly useful
to understand the general structure of different models occurring in thermal leptogenesis.
• For Ω = R13 one has ε2 = 0, while ε1 is maximal if [8] m3Re(ω231)/|ω231| =
m1 [1− Re(ω231)]/|1− ω231|. In the HL (M2 ≫ M1) one obtains the N1DS.
• For Ω = R23 one has ε1 = 0, while ε2 is maximal if m3Re(ω222)/|ω222| =
m2 [1− Re(ω222)]/|1− ω222|. At the same time, one has m˜1 = m1, so that the wash-
out from N1 can be neglected if m1 is small enough. Therefore, in the HL and for
hierarchical light neutrinos, one obtains the N2DS [8], as discussed in Section 4.
• If Ω = R12, then ε1 undergoes a phase suppression compared to its maximal value
but |ε2| ∝ (M1/M2) |ε1|. This implies that in the HL one again recovers the N1DS
[8]. On the other hand if M1 ≃M2 both CP asymmetries can play a role.
Notice that N2DS requires a more special Ω form than the N1DS, but on the other hand
there is no lower bound on M1 as in the N1DS. Therefore, it represents an interesting
alternative [8]. On the other hand, there cannot be a N3DS with only 3 RH neutrinos.
The reason is that ε3 → 0 in the HL for any Ω. This can be understood more generally
if one observes that the CP asymmetry of a decaying particle vanishes in the limit where
all particles in the propagators are massless. This also explains why it is more special to
have |ε2| ≫ |ε1| than the opposite: in the first case one must necessarily have N3 running
in the propagator in order to have ε2 6= 0 and this happens for Ω = R23, while in order
to have ε1 6= 0 one can have either N2 for Ω = R12, or N3 for Ω = R13, or both.
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3 Revisiting the N1DS
Let us now revisit shortly some of the results holding in the N1DS, with some new in-
teresting insights on the dynamics of the asymmetry generation. This is also necessary
to introduce quantities and notations that will be used or extended in Section 5 to go
beyond the HL.
The general expression for the final asymmetry Eq. (7) reduces to ηB ≃ 10−2 ε1 κf1,
where κf1 can be calculated solving a system of just two kinetic equations [14, 7, 9],
obtained from the general set (cf. (8) and (9)) neglecting the asymmetry generation and
the wash-out terms from the two heavier RH neutrinos.
For M1 ≪ 1014GeV (m2atm/
∑
m2i ), the term ∆W (z) in the wash-out (cf. (12)) is
negligible and the solutions depend just on K1, since this is the only parameter in the
equations. They can be worked out in an integral form [3] and for the B − L asymmetry
one obtains a special case of the more general Eq. (14),
NB−L(z; z¯) = N¯B−L e
−
∫ z
z¯
dz′W1(z′) + ε1 κ1(z; z¯) , (23)
where now a possible asymmetry produced from the two heavier RH neutrinos and frozen
at z¯ ≥ zin is included in N¯B−L. The efficiency factor κ1(z; z¯) can be expressed through a
Laplace integral,
κ1(z; z¯) = −
∫ z
z¯
dz′
dNN1
dz′
e−
∫
∞
z′
dz′′W1(z′′) =
∫ z
z¯
dz′ e−ψ(z
′,z) . (24)
In the strong wash-out regime, using the approximation dNN1/dz
′ ≃ dN eqN1/dz′ and
W1(z
′) ≃W ID1 (z′) (cf. (13)), one finds that for z →∞ the final value is given by [4]
κf1(K1) ≃ κ(K1) ≡
2
K1 zB(K1)
(
1− e−K1 zB(K1)2
)
, (25)
if z¯ . zB − 2. The value z′ = zB(K1) is where the quantity ψ(z′,∞) has a minimum and
the integral in the Eq. (24) receives a dominant contribution from a restricted z′-interval
centered around it. In the strong wash-out regime it is well reproduced by
zB(K1) ≃ 2 + 4K10.13 e−
2.5
K1 . (26)
Figures 2 and 3 show, for an initial thermal abundance, the dynamics of the asymmetry
generation, comparing one example of weak wash-out with one example of strong wash-
out 5. In the top panels we show the function dκ1/dz
′ ≡ e−ψ(z′,z), defined for z′ ≤ z, for
different values of z. The difference between the two cases is striking.
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Figure 2: Dynamics in the weak wash-out regime for initial thermal abundance (N inN1 = 1).
Top panel: rates. Bottom panel: efficiency factor κ1 and N1-abundance. The maximum
of the asymmetry production rate occurs at z′ ≃ zweakmax = 1/
√
K1 + 15/8 ≃ 12.
In the weak wash-out regime, each decay contributes to the final asymmetry for any
value of z′ when the asymmetry is produced. In the strong wash-out regime, all asymmetry
produced at z′ . zB − 2 is efficiently washed-out by inverse decays, such that only decays
occurring at z′ ∼ zB give a contribution to the final asymmetry.
5Corresponding animations can be found at http://wwwth.mppmu.mpg.de/members/dibari.
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Figure 3: Dynamics in the strong wash-out regime. Top panel: rates. Bottom panel:
efficiency factor κ1 and N1-abundance. The maximum of the final asymmetry production
rate occurs at z′ ≃ zB.
The general expression Eq. (16) for ε1 can be re-cast through the Ω matrix as [8]
ε1 = ξ(x2) ε
HL
1 (m1,M1,Ω21,Ω31) + [ξ(x3)− ξ(x2)]∆ε1(m1,M1,Ω21,Ω31,Ω22) . (27)
In the HL, for x3, x2 ≫ 1, one has ξ(x2) ≃ ξ(x3) ≃ 1 and then, from Eq. (27),
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ε1 = ε
HL
1 (m1,M1,Ω21,Ω31). Therefore, in the HL the dependence on four of the see-
saw parameters, namely M2,M3,Ω22, cancels out and one is left only with six parameters.
Notice moreover that κf1 = κ
f
1(m1,M1, K1), where K1 = K1(m1,Ω21,Ω31), and thus the
final asymmetry depends on the same six parameters too.
The HL for ε1 can be written as [6] ε
HL
1 (m1,M1,Ω21,Ω31) ≡ ε(M1) β(m1,Ω21,Ω31) ,
where, writing Ω2ij ≡ Xij − i Yij ≡ ρij ei ϕij , with ρij ≡ |Ω2ij | ≥ 0, one has 6
ε(M1) ≡ 3
16 pi
M1matm
v2
and β(m1,Ω21,Ω31) ≡
∑
j m
2
j Yj1
matm
∑
j mj ρj1
. (28)
It is interesting that β(m1,Ω21,Ω31) ≤ 1, so that in the HL one has the upper bound
|εHL1 | ≤ ε(M1) [5, 6]. More precisely one can define an effective phase δ(1)L by
β(m1,Ω21,Ω31) = βmax(m1, m˜1) sin δ
(1)
L (m1,Ω21,Ω31) , (29)
such that the upper bound [6, 13]
βmax(m1, m˜1) =
matm
m1 +m3
f(m1, m˜1) ≤ 1 , (30)
corresponds to sin δ
(1)
L = 1 and it is obtained by maximizing over the Ω-parameters for
fixed m˜1. The function f(m1, m˜1) is [8]
f(m1, m˜1) =
m1 +m3
m˜1
Ymax(m1, m˜1) , (31)
where Ymax(m1, m˜1) is the maximum of Y31 for Ω21 = 0. For hierarchical light neutrinos,
m1 . 0.2matm, an approximate explicit expression is [13]
f(m1, m˜1) =
m3 −m1
√
1 +
m23−m
2
1
m˜21
m3 −m1 , (32)
which further simplifies to f(m1, m˜1) = 1 − m1/m˜1 for m1 ≪ 0.1matm. Conversely, in
the quasi-degenerate limit, one has f(m1, m˜1) =
√
1− (m1/m˜1)2 [17]. One can then
conclude that the maximum of the CP asymmetry is reached in the limit m1 → 0, when
f(m1, m˜1) = 1 and, since this is true also for κ
f
1, it applies also to the final asymmetry
N fB−L ≃ ε1 κf1. For Ω21 = 0 and Y31 = Ymax(m1, m˜1), the phase is maximal, while for a
generic choice of Ω, the CP asymmetry undergoes a phase suppression
sin δ
(1)
L (m1,Ω21,Ω31) =
m1 +m3
m˜1 f(m1, m˜1)
(Y31 + σ
2 Y21) =
(Y31 + σ
2 Y21)
Ymax(m1, m˜1)
, (33)
6In [8] a minus sign in the expression for β(m1,Ω21,Ω31) is missing. This does not affect any of the
results but the quantities Yi1 should be defined as Yi1 ≡ −Im(Ω2j1) as here.
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where σ ≡
√
m22 −m21/matm. One can see that sin δ(1)L = 1 for Y21 = 0 and Y31 = Ymax. It
is instructive to calculate sin δ
(1)
L for each of the three elementary complex rotations that
can be used to parameterize Ω (cf. 20)):
• For Ω = R13, one has sin δ(1)L = Y31/Ymax and the phase is maximal if
Y31 = Ymax = m˜1/matm; notice that there is no difference between normal and in-
verted hierarchy.
• For Ω = R12, one has sin δ(1)L = σ2 Y21/Ymax ≤ σ, larger for inverted hierarchy
compared to the normal one; however since κf1 ∝ K−1.21 [10] and sinceK1 = Ksol |Ω221|
for normal hierarchy andK1 ≃ Katm |Ω221| for inverted hierarchy, the final asymmetry
is slightly higher for normal hierarchy compared to the inverted one for fixed |Ω221| [8].
• For Ω = R23, one has sin δ(1)L = ε1 = 0; one can check that ε1 = 0 applies indepen-
dently of M2 and M3 and therefore not only in the HL. Notice that the conclusions
in the previous two cases are still valid if one multiplies R13 or R12 with R23 respec-
tively, since it does not affect sin δ
(1)
L .
Interesting constraints follow if one imposes that the asymmetry produced from leptogene-
sis explains the measured value fromWMAP plus SLOAN combined determination [7, 27],
ηB(m1,M1,Ω21,Ω31) = η
CMB
B = (6.3± 0.3)× 10−10 . (34)
If M1 ≪ 1014GeV (m2atm/
∑
i m
2
i ), then
M1 ≃
N recγ
asph
16 pi v2
3
ηCMBB
matm
[
κ(K1) βmax(m1, K1) sin δ
(1)
L (Ω21,Ω31)
]−1
(35)
& (Mmin1 )HL ≡
4.2× 108GeV
κ(K1) βmax(m1, K1) sin δ
(1)
L (Ω21,Ω31)
(at 3 σ C.L.) . (36)
This expression is quite general and shows the effect of the phase suppression [8] and of a
higher absolute neutrino mass scale [10] in making the lower bound more restrictive. In
Fig. 4 we show Mmin1 (thick solid line) for fully hierarchical light neutrinos (m1 = 0) and
maximal phase (sin δL = 1). For K1 & 5 one obtains the lowest value independent of the
initial conditions [8],
M1 & 5× 109GeV . (37)
The lower bound on M1 also translates into a lower bound on Tin,
Tin ≥ (Tminin )HL ≃
(Mmin1 )HL
zB(K1)− 2 & 2 × 10
9GeV (K1 & 5) . (38)
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Figure 4: Lower bounds on M1 and Tin vs. K1 (cf. (36) and (38)). Thick lines: case of
maximal phase (sin δ
(1)
L = 1). Thin lines: case of very heavy N3.
A plot of this lower bound is shown in Fig. 4 (thick dashed line). The relation between
Mmin1 and T
min
in can be understood from the top panel of Fig. 3, showing that the final
asymmetry is the result of the decays occurring just around zB, when inverse decays
switch off, whereas all asymmetry produced before is efficiently washed out.
4 Beyond the N1DS
There are three ways to go beyond the N1DS. We assume fully hierarchical light neutrinos.
A) N2DS
For Ω = R23, a nice coincidence is realized: the CP asymmetry ε1 = 0 while ε2 can be
maximal and, at the same time, the wash-out from the N1 inverse decays vanishes for
m1 . 10
−3 eV. In this way the final asymmetry can and has to be explained in terms
of N2 decays. A nice feature is that the lower bound on M1 does not hold any more,
being replaced by a lower bound on M2 that, however, still implies a lower bound on Tin
[8]. If one switches on some small R12 and R13 complex rotations, then the lower bounds
on M2 and Tin become necessarily more stringent. Therefore, there is a border beyond
which this scenario is not viable and one is forced to go back to the usual N1DS for
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successful leptogenesis. Account of flavor effects contribute to enlarge the domain where
the N2DS works, since the wash-out from the lightest RH neutrino is diminished [28].
Notice moreover that, like in the N1DS, the lower bounds are more stringent for inverted
hierarchy than for normal hierarchy, since in the first case K2 & Katm, while in the second
case K2 ≥ Ksol.
B) Beyond the HL
If the RH neutrino masses are sufficiently close then the B−L asymmetry and the wash-
out from the two heavier RH neutrinos have also to be taken into account and the general
expression (6) for N fB−L has to be used; at the same time, the general expression Eq. (27)
for ε1 has also to be used. Here the first, typically dominant, term can be enhanced by a
factor ξ(x2) [13] while the second term can be calculated using [8]
∆ε1 ≡ 3
16 pi
Im[(h† h)213]
(h†h)11
1√
x3
= ε(M1)
Im [
∑
h mh Ω
⋆
h1Ωh3]
2
matm m˜1
. (39)
One can see that ∆ε1 vanishes for Ω = R12. It also vanishes in another interesting
situation, the strong-strong wash-out scenario for very large M3, that will be discussed
in detail in the next Section. In these two interesting cases, the enhancement ξ(x2) is
the only effect on ε1 and the HL is recovered, within a 10% precision, for δ2 & 5 [13, 8].
These two cases have also been recently studied in [16] for δ2 ≪ 1, within the context of
radiative leptogenesis.
It is interesting that even the enhancement ξ(x2) can be absent in a particular case.
This happens if one considers fully hierarchical light neutrinos and Ω = R13. It is easy
to calculate that in this case one has ∆ε1 = ε(M1) sin δ
(1)
L . Plugging this term into the
general expression (27) for ε1, one has an exact cancellation of the terms proportional to
ξ(x2) and in the end
ε1|Ω=R13 = ξ(x3) ε(M1) sin δ(1)L . (40)
For x3 ≫ 1, such that ξ(x3) ≃ 1, there is no enhancement of the usual CP asymmetry
when M2 → M1. This example disproves the misconception that degenerate RH neutrino
masses unavoidably lead to CP asymmetry enhancement. Moreover, it shows that the
usual most stringent lower bounds on M1 and Tin, for sin δ
(1)
L = 1, continue to be valid
even beyond the HL. However, they can be evaded in other models, which means that,
in general, changing the RH neutrino mass spectrum, the Ω matrix that maximizes the
asymmetry changes too.
As a last exercise, one can check that ∆ε1, like ε
HL
1 , vanishes for Ω = R23, confirming
that the N2DS is the only possibility for this particular choice.
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C) Large |Ω22|
There is a situation when the term [ξ(x3)− ξ(x2)]∆ε1 becomes dominant over ξ(x2) εHL1
and one has to require a stronger hierarchy to recover the HL [17]. This term is maximized
over x3 for x3 ≫ 1, implying ξ(x3) ≃ 1. Moreover, if for definiteness one imposes Ω21 =
X31 = 0, so that sin δ
(1)
L = 1, then [8]
ξε1 ≡
ε1
ε(M1)
= ξ(x2) + [1− ξ(x2)] (X22 + Ymax Y22) , (41)
where Ymax = m˜1/matm. One can see that if X22 = 1 and Y22 = 0, corresponding to
Ω = R13, then one recovers ξε1 = 1, independently of the value of x2. However, one can
now perceive another possibility: if |X22 + Ymax Y22| ≫ 1, then the CP asymmetry can
be enhanced, i.e. ξε1 > 1, even in the HL, when x2 ≫ 1. There are nevertheless some
limitations. First of all, Yukawa couplings cannot be larger than ∼ 0.1 for the Eq. (16)
to hold. Moreover, when calculating the final B−L asymmetry, one also has to take into
account the increased wash-out. In the end, for fully hierarchical neutrinos, this possibility
should be regarded as a very special case, also because it implies unnaturally huge phase
cancellations due to the Ω orthogonality. On the other hand, for quasi-degenerate light
neutrinos this term can now be more easily dominant, since the first term is suppressed
by βmax(m1, m˜1) < 1 [6, 13], while ∆ε1 is not and thus an account of this term makes
possible to evade the upper bound on the light neutrino masses [17].
5 Beyond the HL in strong-strong wash-out scenarios
In this section we discuss the effects arising in models beyond the HL and the conditions
for the HL to be recovered. There is a large variety of possibilities and for definiteness we
focus on a particularly interesting class that provides a useful framework to understand
the general effects. We still assume a partial hierarchy, such thatM3 ≫ M1,M2, whileM1
and M2 can be arbitrarily close. This results in |ε3| ≪ |ε1|, |ε2| and the final asymmetry
can be calculated as
N fB−L ≃ ε1 κf1 + ε2 κf2 . (42)
Another convenient restriction is to focus on strong-strong (ss) wash-out scenarios, where
both K1 and K2 & 5. In this way κ
f
1 and κ
f
2 can be calculated inserting the equilibrium
values for both rate abundances into the general expressions (15), such that
κf1(K1, K2, δ2) ≃ κss1 (K1, K2, δ2) ≡ −
∫ ∞
0
dz′
dN eqN1
dz′
e−
∫
∞
z′
dz′′ [W ID1 (z
′′)+W ID2 (z
′′)] , (43)
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κf2(K1, K2, δ2) ≃ κss2 (K1, K2, δ2) ≡ −
∫ ∞
0
dz′
dN eqN2
dz′
e−
∫
∞
z′
dz′′ [W ID1 (z
′′)+W ID2 (z
′′)] . (44)
In Fig. 5 we have plotted κss1 (K1, K2, δ2) and κ
ss
2 (K1, K2, δ2) for the indicated values of
δ2, and for K2 = Katm. This value is particularly convenient to highlight the cumulative
effect of the wash-out.
There are two simple limits where these integrals can be worked out explicitly. The
first is the HL (δ2 ≫ 1). In this case the wash-out from N2 inverse decays acts only at
z ≪ zB − 2 and does not affect the dominant contribution produced around z ∼ zB.
Therefore, one recovers the result valid in the N1DS, i.e. κ
ss
1 |HL ≃ κ(K1) (cf. (25)). It is
also possible to obtain an analytic expression for κss2 in the HL considering that the wash-
out from N1 inverse decays does not interfere with the asymmetry production and with the
wash-out from N2 decays and inverse decays respectively. Indeed, the wash-out from N1
inverse decays is active for zon(K1) ≃ 2/
√
K1 . z . zoff(K1) and peaked at zmax ≃ 2.4 [4],
when the wash-out by N2 inverse decays is already off at z ≃ zoff(K2)M1/M2 ≪ zon(K1)
and practically all N2’s have already decayed. This results in a simple factorized analytic
expression,
κss2 |HL ≃ κ(K2) e−
∫
∞
0
dz′W ID1 (z
′) ≃ κ(K2) e− 3pi8 K1 , (45)
that is shown in Fig. 5 together with Eq. (25) for κ1 (circles). One can see how they well
reproduce κss1 and κ
ss
2 in the HL. For δ2 > δ
HL
2 |κf1 the HL for κf1 is recovered within 10%.
In Fig. 6 we show δHL2 |κf1 as a function of K1 for fixed K2 = Katm. We also show (crosses)
an analytic conservative estimate [8],
δ2 ≥ zB(K2) + 2
zB(K1)− 2 − 1 , (46)
obtained neglecting the wash-out of the lightest RH neutrino on the asymmetry produced
from the second lightest. One can see how indeed this is always more conservative,
especially at large values of K1, where the wash-out of the lightest RH is stronger. The
second limit is the DL (M2 = M1, i.e. δ2 = 0). This has been recently studied in [16]
within the context of radiative leptogenesis. In this case one has z2 = z1 = z, so that
dN eqN1/dz
′ = dN eqN2/dz
′ and W ID1 /K1 = W
ID
2 /K2 (cf. (13)). It is then easy to derive a
simple result,
κss1 (K1, K2)|δ2=0 = κss2 (K1, K2)|δ2=0 = κ(K1 +K2) , (47)
indicating that in the DL the N1 and N2 wash-out contributions add up and tend to
suppress the final asymmetry compared to the HL. This effect goes into the opposite
direction compared to the enhancement of the CP asymmetry when masses get close.
Therefore one has to be careful and check which effect is dominant between the two. As
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Figure 5: Efficiency factors in the strong-strong wash-out case for K2 = Katm.
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we will see a precise answer depends on the particular form of the orthogonal matrix and
on the values of δ2, K1 and K2. One can see in Fig. 5 that the expression (47) reproduces
well both κss1 and κ
ss
2 in the DL (open squares). Notice that this result is easily extended
to the full DL (M1 =M2 =M3) with all Ki & 5, where one obtains κ
f
i = κ(K1+K2+K3),
i = 1, 2, 3.
We have also worked out useful fits for any value of δ2,
κfit1 (δ2) =
2
zB(K1 +K
(1−δ2)3
2 ) (K1 +K
1−δ2
2 )
(48)
and
κfit2 (δ2) = 2
[
1 + 2 ln
(
1+δ2
1−δ2
)]2
zB(K2 +K
(1−δ2)3
1 ) (K2 +K
1−δ2
1 )
× e− 3pi8 K1
(
δ2
1+δ2
)2.1
. (49)
In Fig. 5 one can see (black squares) that they fit well κss1 and κ
ss
2 for δ2 = 0.1. Notice
moreover that the analytic expressions (25), (45) are correctly recovered in the HL and
(47) in the DL.
We have thus seen that the simple class of strong-strong wash-out scenarios allows
one to describe the most relevant features of models beyond the HL with simple analytic
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expressions. More general cases can be easily understood and studied extending these
results. In order to calculate the CP asymmetries and the lower bound onM1 in scenarios
beyond the HL, we focus on two particularly interesting realizations of strong-strong wash-
out scenarios: the first is Ω = R13, where the phase is maximal and an interesting result
holds for the CP asymmetry ε1 beyond the HL, the second is the limit M3 ≫ 1014GeV,
where the heaviest RH neutrino decouples and plays no role.
5.1 ‘Maximal phase’ scenario
Assuming Ω = R13 (cf. (21)) and M3 ≫ M1,M2 we have seen that the CP asymmetry
ε1, for hierarchical light neutrinos, is always given by the HL independently of δ2, i.e.
ε1 = ε¯(M1) sin δ
(1)
L , where the phase is maximal if X31 = 0. Moreover ε2 = 0, so that the
asymmetry is generated only from N1 decays. The only effect of N2 is the additional wash-
out, described by a fixed value of the decay parameter K¯2 = Ksol for normal hierarchy
and K¯2 =
√
K2atm −K2sol for inverted hierarchy. The final asymmetry is then, for maximal
phase, given by
N fB−L(M1, K1, δ2) = ε¯(M1) κ
f
1(K1, K¯2, δ2) . (50)
For K1 & 5 one can use for κ
f
1 the analytic expressions obtained in the strong-strong
wash-out regime and one obtains for the lower bounds,
Mmin1 (K1, δ2) ≃
4.2× 108GeV
κss1 (K1, K¯2, δ2)
, (51)
and
Tminin (K1, δ2) =
Mmin1 (K1, δ2)
z⋆(K1, K¯2, δ2)
, (52)
where z⋆(K1, K2, δ2) is the T
min
in relaxation factor and is approximately given, in the HL,
by zHL⋆ ≃ zB(K1) − 2 [4] and, in the DL, by zDL⋆ ≃ zB(K1 + K2) − 2. For intermediate
situations a good fit is given by z⋆(K1, K2, δ2) ≃ zB(K1 +K(1−δ2)
3
2 )− 2. In the top panel
of Fig. 8 we compare the lower bounds valid in the HL with those for δ2 = 0.1 (thick
lines). One can see how the effect of the additional wash-out makes them more stringent.
Moreover, one can see how the degeneracy between normal and inverted hierarchy in the
HL is broken for finite value of δ2 because of the different K2 value. In the bottom panel
we have compared the lower bounds for δ2 = 0.1 with those for δ2 = 0.01 (thick lines). One
can see that these sensibly change only at small K1 ∼ 10, while at larger values they are
the same. This results from the fact that the effect of additional wash-out saturates and
the DL is reached (cf. Fig. 5). Therefore, this model represents an interesting example of
how going beyond the HL does not necessarily relaxes the lower bounds on M1 and Tin.
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5.2 The limit of very heavy N3
In the limit M3 ≫ 1014GeV, the orthogonal see-saw matrix Ω necessarily reduces to a
special form [21, 29, 30]
Ω =

 0 0 1√1− Ω231 −Ω31 0
Ω31
√
1− Ω231 0

 , (53)
obtained from the general one for Ω222 = Ω
2
31 and Ω
2
22 + Ω
2
31 = 1. In terms
of the parametrization with complex rotations this corresponds to w22 = 0 and
w21 = 1, implying Ω21 =
√
1− w231 (cf. (22)). This limit also implies
m1 ∼ 0.01 eV (1014GeV/M3) (Re[U † h]213/0.1)≪ msol, i.e. fully hierarchical light neutri-
nos. For normal hierarchy the values of K1 and K2 are given by
K1 = Ksol ρ21 +Katm ρ31 and K2 = Ksol ρ31 +Katm ρ21 , (54)
so that K1, K2 ≥ Ksol ≃ 9 and K1 + K2 ≥ Ksol + Katm ≃ 60. For inverted hierarchy
the same expressions hold with the replacement Ksol →
√
K2atm −K2sol. Therefore, in this
scenario, both N1 and N2 decay in the strong wash-out regime, while the heaviest RH
neutrino decouples completely. Notice moreover that ε3 = 0, so that the final B − L
asymmetry can be calculated as the sum of the two contributions from the two lightest
RH neutrinos and it will depend on a set of 4 parameters that can be conveniently chosen
to be M1, K1, K2 and δ2.
Let us calculate the two CP asymmetries ε1 and ε2. As anticipated, it is easy to check
that ∆ε1, defined in Eq. (27) for ε1, vanishes. Therefore, the CP asymmetry enhancement
is described just by the function ξ(x2), as in [13]. Moreover, since light neutrinos are fully
hierarchical, one has βmax(m1, m˜1) = 1 (cf. (30)). The expression (33) for the effective
phase sin δ
(1)
L specializes to
sin δ
(1)
L =
Katm
K1
Y31 (1− σ2) , (55)
where Y31 has to be regarded as a function of K1 and K2. Turning to ε2, the general
expression (16) can be re-cast as
ε2 =
3
16 pi
∑
i=1,3
Im[(h† h)22i]
(h†h)22
ξ(xi/x2)√
xi/x2
, (56)
and using [8]
(h† h)ij =
√
MiMj
v2
∑
h
mh Ω
⋆
hiΩhj , (57)
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one can check that the term (h† h)23 = 0. After some algebraic manipulations, one finds
ε2 ≃ ε¯(M2) ξ (1/x2) sin δ(2)L . (58)
We have introduced a second effective leptogenesis phase
sin δ
(2)
L ≡ −
Katm
K2
Y31 (1− σ2) = −K1
K2
sin δ
(1)
L , (59)
which always has opposite sign compared to sin δ
(1)
L . The final asymmetry (cf. (42)) can
then be written as
N fB−L(M1, K1, K2, δ2) = ε¯(M1) sin δ
(1)
L (K1, K2)α(K1, K2, δ2) , (60)
where
α(K1, K2, δ2) ≡ ξ(x2) κss1 (K1, K2, δ2)−
√
x2 ξ (1/x2)
K1
K2
κss2 (K1, K2, δ2) . (61)
Notice that in the HL one has
ε2 κ
ss
2
εHL1 κ
ss
1 |HL
≃ −√x2 ξ (1/x2) K1
K2
κss2 (K1, K2, δ2)
κ(K1)
HL−→ −2 ln x2
3
√
x2
K21
K22
zB(K1)
zB(K2)
e−
3pi
8
K1 ≪ 1 .
(62)
As a consequence the contribution from the second lightest RH neutrino becomes negligi-
ble and one recovers the N1DS. In Fig. 6 we show δ
HL
2 |N fB−L , such that for δ2 > δHL2 |N fB−L
the HL for the final asymmetry, in the case of very heavy N3, is recovered within a 10%
precision.
In Fig. 7 we give an example of the dynamics of the asymmetry generation with
two RH neutrinos, a generalization of the example of Fig. 3 for the N1DS. We show
the quantity [dκ1/dz
′ + (ε2/ε1) dκ2/dz
′]z′≤z for K1 = 10 and K2 = 50. In the top panel√
x2 =M2/M1 = 10 (δ2 = 9). For this choice of the parameters, one has ε2/ε1 ≃ −0.035.
At small values z ≃ 0.1 the N2 decays give a non-negligible contribution to the total
asymmetry but with negative sign. However, this contribution is completely washed-out
at z ∼ 1 by the N1 inverse decays. Therefore, this example illustrates well how the HL is
recovered for large δ2, where the production of the asymmetry and the wash-out from N2
and from N1 occur at two well-separated stages. This numerical example completes the
qualitative discussion in [8] where the condition (46) was found. In the bottom panel we
show an example for δ2 = 0.1, implying a minus sign in ξ(1/x2) (cf. Fig. 1) that cancels
with the minus sign in sin δ
(2)
L , such that now the asymmetry produced from the N2’s has
the same sign as the one produced from the N1’s. Therefore, both the two productions
and the two wash-out occur simultaneously and add up.
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Figure 7: Dynamics of the asymmetry generation with 2 RH neutrinos.
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Let us now calculate the lower bounds on M1 and on Tin. They can be written as
Mmin1 (K1, δ2) =
4.2× 108GeV
sin δ
(1)
L (K1, K
⋆
2)α(K1, K
⋆
2 , δ2)
(63)
and
Tminin (K1, δ2) =
Mmin1 (K1, δ2)
z⋆(K1, K⋆2 , δ2)
, (64)
where K⋆2 is the value of K2 that maximizes N
f
B−L (cf. (60)). In the HL one has
α(K1, K
⋆
2 , δ2 ≫ 1) = κss1 |HL ≃ κ(K1), such that the N1DS is recovered but the effective
phase is not maximal (cf. (55)) and the lower bounds are more stringent [30]. Maximizing
the effective phase sin δ
(1)
L (K1, K2) over K2, one obtains sin δ
(1)
L = f(m2, m˜1) (1 − σ) [8].
In the case of normal hierarchy σ ≃ msol/matm ≃ 0.19. The function f(msol, m˜1) can then
be calculated using Eq. (32) with the replacement m1 → msol ≪ matm. In this way, from
Eq. (36) for (Mmin1 )HL, one obtains
(Mmin1 )HL ≃
4.2 × 108GeV
κ(K1) f(msol, m˜1) (1− σ) . (65)
This lower bound and the associated one on Tminin are shown in Fig. 4 (thin lines) and
compared with those obtained for sin δ
(1)
L = 1 (thick lines). For inverted hierarchy one
has σ ≃
√
1− (msol/matm)2 and f(m2, m˜1) ≃
√
1− (m2/m˜1)2. The bounds become
much more restrictive [30] for two reasons: first now K1 & Katm, second there is strong
phase cancellation in sin δ
(1)
L . This actually occurs on more general grounds [8] and one
can say that for inverted hierarchy the constraints are more stringent than for normal
hierarchy, except for the two special cases already mentioned in Section 3. The first one
is for Ω = R13R23 (Ω21 = 0) and Y31 = Ymax, where the phase is maximal and one obtains
the most conservative lower bounds on M1 and Tin in the HL, the same for normal and
inverted hierarchy. As soon as one diverges from this special case, the degeneracy gets
broken. A second special case is for Ω = R12R23 (Ω31 = 0) and Y21 = Ymax/σ, so that
sin δ
(1)
L = σ, larger for inverted hierarchy than for the normal one. However, as we said,
the wash-out is stronger for inverted hierarchy than for normal hierarchy and the two
things compensate, such that the lower bounds are practically equivalent, though not
equal. Except for these two cases the allowed region in the space parameters is larger
for normal hierarchy than for inverted hierarchy and leptogenesis tends to favors normal
over inverted one. The case of very large M3 represents the most extreme one in this
respect. Also in the N2DS the lower bounds on M2 and Tin are more stringent in the case
of inverted hierarchy than in normal hierarchy. We can thus conclude that if the light
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neutrino hierarchy were to be inverted, then the allowed region would be considerably
reduced.
Let us now see what happens beyond the HL, i.e. for small values of δ2. There
are three effects, all accounted for by the function α(K1, K2, δ2) (cf. (61)). The first is
that the asymmetry produced from the N2’s becomes non-negligible and since ξ(1/x2)
becomes negative at small δ2, cancelling the minus sign in sin δ
(2)
L , the two asymmetries
add up. However, this effect brings a factor 2 enhancement at most [13], while the major
effect is the enhancement of both ε1 and ε2, described by ξ(x2) for ε1 and by ξ(1/x2)
for ε2. The third effect is that also the two wash-out effects add up. As we have seen
(cf. Fig. 5) this effect saturates at δ2 ≃ 0.01 and goes into the opposite direction compared
to the other two, thus contrasting the enhancement of the asymmetry for moderately
small values δ2 ∼ 0.1. This is clearly visible in the top panel of Fig. 8, where we have
compared the results holding in the HL with those obtained for δ2 = 0.1. The lower
bounds for the very heavy N3 case are indicated with thin lines. One can see how these
are relaxed just by a factor 2 instead of one order of magnitude as one could expect
from CP asymmetry enhancement plus, sub-dominantly, the contribution to the final
asymmetry from N2 decays. However, if one considers the DL, then the asymmetry and
the wash-out cumulative effects saturate, while the CP asymmetry enhancement lowers
the bounds ∝ ξ(x2) ≃ (3 δ2)−1 and this can be clearly described analytically. Indeed, as
it can be seen from Fig. 1, for small δ2 one has ξ(1/x2) = −ξ(x2) and therefore, in the
DL, the expression for the final asymmetry simplifies to (cf. (60),(55) and (25))
(N fB−L)DL(M1, K1, K2) ≡ 2 (1− σ2)Katm ε¯(M1)ξ(x2) zB(K1 +K2)
Y31(K1, K2)
K1K2
∝ ξ(x2) .
(66)
In the bottom panel of Fig. 8 we compared the lower bounds for δ2 = 0.1 with those for
δ2 = 0.01 and one can see how the lower bound on M1 (Tin) is 4×1010GeV (5×109GeV)
for δ2 = 0.1 and lowers to 4 × 109GeV (5 × 108GeV) for δ2 = 0.01. For δ2 . 0.01,
the wash-out and asymmetry cumulative effects are negligible and the CP asymmetry
enhancement is the only left one, so that
(Mmin1 )DL ≃ 4× 109GeV
(
0.01
δ2
)
and (Tminin )DL ≃ 5× 108GeV
(
0.01
δ2
)
. (67)
The enhancement at small δ2 has an upper limit set by the condition of validity of the
Eq. (16), which implies that values |ε1| ∼ O(0.01) can always be reached and thus that
there is no lower bound on M1 if arbitrarily small δ2 values are possible. Examples of
models where such small values can be motivated are soft leptogenesis [31] and radiative
leptogenesis [16].
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Figure 8: Lower bounds on M1 and Tin in the case of ‘maximal phase’ (thick lines) and
very large M3 (thin lines). Upper panels: comparison between the HL (δ2 ≫ δHL2 ) and
δ2 = 0.1. Lower panels: comparison between δ2 = 0.1 and δ2 = 0.01.
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In conclusion a strong relaxation of the lower bounds on M1 and Tin is attainable only
for degeneracies δ2 ≪ 0.1. This confirms and actually strengthens the conclusions of [13],
showing at the same time that effects arising from a term ∆ε1 are possible only for a very
special category of models where a complex rotation R23 is switched on with very high
values of |Ω22| implying unlikely phase cancellations. This term can nevertheless play an
interesting role in relaxing the upper bound on the absolute neutrino mass scale [17].
6 Final Discussion
We have calculated the final baryon asymmetry in leptogenesis scenarios beyond the HL.
Our main result is that the lower bounds onM1 and Tin can be relaxed but not necessarily,
depending on the particular form of the see-saw orthogonal matrix and on the value of
δ2. Very small values δ2 ≪ 0.1 are necessary to have a significant relaxation of the
lower bounds, confirming and strengthening what was found in [13]. One should then
understand, on theoretical grounds, whether such small values of δ2 should be considered
natural or not.
There is no compelling reason to exclude M1 as large as 10
11GeV and Tin as large as
1010GeV. In many specific models the lower bound onM1 is however a problem, especially
in those cases where the Dirac neutrino mass matrix is required to resemble the up quark
mass matrix [32]. In supergravity the gravitino problem requires reheating temperatures
that can be quite difficultly compatible with the lower bound from leptogenesis in the
HL. In this case δ2 ∼ 10−3 or smaller would be desirable. Within a minimal model with 3
RH neutrinos, the N2DS is an alternative solution. Here one does not need to go beyond
the HL for M1 to be arbitrarily low, but Tin & 5× 109GeV still applies. At the moment
there is no reason to prefer one of the two possible ways to go beyond the N1DS, in any
case still the most appealing scenario. As we have seen, a N2DS is not possible for very
large M3, since in this limit and for large δ2 ≫ 1 the CP asymmetry ε2 vanishes. It is
important to notice moreover that the N2DS will be disproved if the absolute neutrino
mass scale is found to be m1 & (10
−3 − 10−2) eV. On the other hand, we do not have
currently any experimental test to disprove small δ2 values and there is a large freedom
in the choice of the heavy neutrino mass spectrum, also on pure theoretical grounds.
It is quite interesting that a normal hierarchical light neutrino spectrum is desirable
since an inverted one exacerbates the problem with the M1 and Tin lower bounds.
Notice that flavor effects [18, 19, 20] introduce new interesting modifications of the
lower bounds but they do not change any of the conclusions we have discussed here and
will be addressed in a forthcoming paper.
27
A test of leptogenesis in the next years represents a great challenge. However, in this
respect, it is more convenient to regard it within the wider context of a test of the see-saw
mechanism, where leptogenesis is one among various phenomenological consequences.
A smoking gun seems possible only in the very fortunate case that the lightest or the
two lightest heavy neutrinos are at the TeV scale and possess extra gauge interactions,
making possible their production and detection at the LHC. Because the lower bound
on M1 is so large, this cannot happen in the HL within the usual N1DS but it becomes
possible either in the DL with δ2 . 10
−7 [33] or, more appealingly, in the N2DS [8]. We
can thus conclude that exciting results are likely to come again in leptogenesis in the near
future.
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